Abstract. Extensions and generalizations of Alzer's inequality; which is of Wirtinger type are proved. As applications, sharp trapezoid type inequality and sharp bound for the geometric mean are deduced.
Introduction
In Fourier analysis, the theory of inequalities plays an important and useful role in almost all branches of its analyzes. Early of the last century, several famous inequalities have been used in the theory of Fourier series, Fourier integrals and Fourier transform. The inequalities of Bessel, Blaschke, Wirtinger, Beesack and others, are used at large in convergence and estimations of such series and integrals.
In [4] , Wirtinger proved the following inequality regarding square integrable functions: Various generalizations, counterparts and refinements were considered in [1] - [6] and the references therein.
In [1] , Alzer introduced a Wirtinger like inequality for continuously differentiable periodic functions, which reads: Theorem 2. If f is a real valued continuously differentiable function with period 2π and
Equality holds if and only if f (x) = c 3
The aim of this work is to extend and generalize Alzer inequality (1.2), by relaxing the assumptions: continuity of f ′ , periodicity and the interval involved for various kind of functions.
The Results
The version of Alzer inequality for convex functions may be stated as follows: Theorem 3. Let f : I ⊆ R → R be a convex mapping on I
• , the interior of the interval I, where a,
holds. The constant ' b−a 12 ' is the best possible, in the sense that it cannot be replaced by a smaller constant.
Proof. Assume that f attains its maximum value at x 0 ∈ [a, b] and let max
Observing that
which gives that
Finally, since f is convex then f attains its maximum at the endpoints 'a' or 'b', so if max
So that the both inequalities (2.3) and (2.4), can be read as
and thus the proof of (2.11) is established. To prove the sharpness of (2.11), let (2.11) holds with another constant C > 0, 
which proves the inequality (2.6). The sharpness holds with the function f (x) = 4c
. Corollary 1. Let f : I ⊆ R → R be a bounded decreasing function on I
• , the interior of the interval I, where a, 
and thus the proof of (2.9) is established. To prove the sharpness of (2.8), let a = 0, b = 2π, then (2.8) reduces to (1.2), so by considering the same function f as given in Theorem 2, we get the sharpness.
The most extensive case holds without any additional restrictions on f is considered as follows: Theorem 6. Let f : I ⊆ R → R be an absolutely continuous mapping on I
holds, where
The inequality is sharp.
Proof. Repeating the steps in the proof of Theorem 5 taking in account that no restrictions on f , we have
and thus the proof of (2.10) is established. The sharpness follows with f (x) = 6x
Another generalization for (2n)-times differentiable functions is considered as follows:
• , the interior of the interval I, where a, b ∈ I
• with a < b,
holds, where,
Proof. Setting 
